Abstract. In this article, we prove some normality criteria for a family of meromorphic functions having multiple zeros and poles which involves sharing of a non-zero value by certain non linear differential polynomials generated by the members of the family.
Introduction and main results
Let D be a domain on C, and F be a family of meromorphic functions defined on D. The family F is said to be normal in D, if every sequence {f n } ⊂ F has a subsequence {f n j } which converges spherically uniformly on compact subsets of D, to a meromorphic function or ∞. { [6] , p. 71} Let f and g be meromorphic functions in a domain D and a ∈ C. Let zeros of f − a are zeros of g − a (ignoring multiplicity), we write f = a ⇒ g = a. Hence f = a ⇐⇒ g = a means that f −a and g −a have the same zeros (ignoring multiplicity). If f −a ⇐⇒ g −a, then we say that f and g share the value z = a IM. { [10] , p. 108}
In 1992, W. Schwick gave a connection between normality criteria and sharing values. He proved the following theorem : Theorem 1.1. { [7] , Theorem 2} Let F be a family of meromorphic functions on a domain D and a 1 , a 2 , a 3 be distinct complex numbers. If f and f ′ share a 1 , a 2 , a 3 for every f ∈ F , then F is normal in D.
Since then many results in this area have been obtained. The following normality criteria was proved by D. W. Meng and P. C. Hu in 2011: Theorem 1.2. { [4] , Theorem 1.1} Take a positive integer k and a non-zero complex number a. Let F be a family of meromorphic functions in a domain D ⊂ C such that each f ∈ F has only zeros of multiplicity at least k + 1. For each pair (f, g) ∈ F , if f f (k) and gg (k) share a IM, then F is normal in D.
Let f be a meromorphic function in D ⊆ C and a ∈ C \ {0} and n ≥ 2, we define
a non linear differential polynomial. In this paper we investigate the situation where we replace f f (k) and gg (k) by D(f ) and D(g) respectively and prove the following results: Theorem 1.3. Let F be a family of meromorphic functions defined in a domain D such that for each f ∈ F , f has no simple pole and has no zero of multiplicity less than 3 in D. If for each pair of functions f (z), g(z) ∈ F , D(f ) and D(g) share the value b IM, where b is a non-zero complex number, then F is normal.
Theorem 1.4. Let F be a family of meromorphic functions defined in a domain D such that for each f ∈ F , f has no simple pole and has no zero of multiplicity less than 3 in D.
If for each function f (z) ∈ F , D(f ) − b has at most one zero in D, where b is a non-zero complex number, then F is normal.
It is natural to ask whether one can replace the value b, in Theorem 1.3 and 1.4 by a holomorphic function α(z). We investigate this situation in the following theorem: Theorem 1.5. Let α(z) be a holomorphic function such that α(z) = 0. Let F be a family of meromorphic functions defined in a domain D such that for each f ∈ F , f has no simple pole and has no zero of multiplicity less than 3 in D.
Theorem 1.6. Let α(z) be a holomorphic function such that α(z) = 0. Let F be a family of meromorphic functions defined in a domain D such that for each f ∈ F , f has no simple pole and has no zero of multiplicity less than 3 in D. If D(f ) − α(z 0 ) has at most one zero in D, for z 0 ∈ D, then F is normal in D.
Some Lemmas
In order to prove our results, we need following results. Lemma 2.1. { [6] p. 101; [5] , Lemma 2} Let F be a family of meromorphic functions on the unit disc ∆ := {z ∈ C : |z| < 1}. Then F is not normal in ∆, if and only if there exist (1) a number r with 0 < r < 1, (2) points z n satisfying |z n | < r, (3) functions f n ∈ F , (4) positive numbers ρ n → 0 as n → ∞, such that f n (z n + ρ n ζ) = g n (ζ) → g(ζ) as n → ∞ locally uniformly with respect to the spherical metric, where g is a nonconstant meromorphic function on C, with g # (ζ) ≤ g # (0) = 1. In particular, g has order at most 2. Proof. We consider the following cases.
Case1.
Let D(f ) − b has exactly one zero at z 0 .
Since f is a non-polynomial rational function with multiple zeros and poles, then we have
where A is nonzero constant, m i ≥ 2 (i = 1, 2, . . . , s) and n j ≥ 2 (j = 1, 2, . . . , t) are integers. We write
From (2.1), we get
where g 1 (z) is a polynomial. From (2.1) and(2.3), we get
From (2.3), we get
where g(z) is a polynomial and
From (2.1) and (2.5), we get
where P, Q and h(z) are polynomials and
Since D(f ) has exactly one b point at z 0 (say). We get from (2.7)
where B is a nonzero constant and l is a positive integer. On differentiating (2.6) and (2.9), we get
From (2.7) and (2.10), we have
Similarly from (2.9) and (2.11), we get
Now, since α i = z 0 for i = 1, 2, . . . , s from (2.10) and (2.11), we see that
From (2.1) and(2.14), we get
Now we consider the following two cases.
Again we have two cases.
Then from (2.16), we get
This implies N ≤ M, (2.17) which contradicts (2.15).
Then from (2.16), we have
which contradicts (2.15). Case 1.2. l = nN + nt. Then from (2.10) and (2.11), we see that (z − z 0 ) l−1 is a factor of h 1 . So we get
Again, we consider two cases.
which contradicts (2.15).
Case 2.
Let D(f ) − b has no zero and f is non-polynomial rational function. Now putting l = 0 in (2.9) and proceeding as in case1.2.1, we arrive at a contradiction. This proves the lemma.
Lemma 2.5. Let f be a non-constant polynomial and f has no zero of multiplicity less than 3 in D. Then D(f ) − b has at least two distinct zeros, where b is a non-zero complex number.
Proof. Since f is a non-constant polynomial with zeros of multiplicity ≥ 3. So D(f ) − b will be a polynomial of degree at least 4, hence it has a zero. Let us assume D(f ) − b has exactly one zero at z 0 . So, we can write
where A is non-zero constant and m ≥ 4. Now differentiating both sides of (2.22) we get
which shows that z 0 is the only zero of {D(f ) − b}
n−2 f ′′ has at least one zero as f ′′ is non-constant and as zeros of f ′ and 1 + na(f ′ ) n−2 f ′′ are different we arrive at a contradiction. , b = 1 and n = 2. It is easy to check D(f ) − b has no zeros. This example shows that condition on multiplicity can not be weakened.
Proof of Theorem 1.3
Since normality is a local property, we assume that D = ∆ = {z ∈ C : |z| < 1}. Suppose that F is not normal in ∆. Then there exists at least one point z 0 such that F is not normal at the point z 0 in ∆. Without loss of generality we assume that z 0 = 0. Then by Lemma 2.1, there exist (1) a number r with 0 < r < 1, (2) points z n satisfying |z n | < r, (3) functions f n ∈ F , (4) positive numbers ρ n → 0 as n → ∞, such that
locally uniformly with respect to spherical metric, where g(ζ) is a nonconstant meromorphic function on C. The zeros of g(ζ) are of multiplicity at least 3 and has no simple poles. Moreover g(ζ) is of order at most 2. We see that
locally uniformly with respect to spherical metric. 
We fix m and letting j → ∞, and noting
Since the zeros of D(f (z)) − b are isolated and we have z j + ρ j ζ j = 0, z j + ρ j ζ * j = 0. Hence Since normality is a local property, we assume that D = ∆ = {z ∈ C : |z| < 1}. Suppose that F is not normal in ∆. Then there exists at least one point z 0 such that F is not normal at the point z 0 in ∆. Without loss of generality we assume that z 0 = 0. Then by Lemma 2.1, there exist (1) a number r with 0 < r < 1, (2) points z n satisfying |z n | < r, (3) functions f n ∈ F , (4) positive numbers ρ n → 0 as n → ∞, such that
locally uniformly with respect to spherical metric, where g(ζ) is a non-constant meromorphic function on C. The zeros of g(ζ) are of multiplicity at least 3 and has no simple poles. Moreover g(ζ) is of order at most 2. We see that
Since z j → 0 and ρ → 0, we have z j + ρ j ζ j ∈ D(ζ 0 , δ) and z j + ρ j ζ * j ∈ D(ζ * 0 , δ) for sufficiently large j, so D(f j (z)) − b has two distinct zeros, which contradicts the fact that D(f j (z)) − b has at most one zero. But Lemma 2.3, Lemma 2.4 and Lemma 2.5 confirms the non existence of such non-constant meromorphic function. This contradiction shows that F is normal in ∆ and this proves the theorem.
Proof of Theorem 1.5
locally uniformly with respect to spherical metric, where g(ζ) is a non-constant meromorphic function on C. The zeros of g(ζ) are of multiplicity at least 3 and has no simple poles. Moreover g(ζ) is of order at most 2. We see that 
Since the zeros are isolated and we have z j + ρ j ζ j = 0, z j + ρ j ζ * j = 0. Hence ζ j = − Since normality is a local property, we assume that D = ∆ = {z ∈ C : |z| < 1}. Suppose that F is not normal in ∆. Then there exists at least one point z 0 such that F is not normal at the point z 0 in ∆. Without loss of generality we assume that z 0 = 0. Then by Lemma 2.1, there exist (1) a number r with 0 < r < 1, (2) points z n satisfying |z n | < r, (3) functions f n ∈ F , (4) positive numbers ρ n → 0 as n → ∞, such that
locally uniformly with respect to spherical metric, where g(ζ) is a non-constant meromorphic function on C. The zeros of g(ζ) are of multiplicity at least 3 and has no simple poles. Moreover g(ζ) is of order at most 2. We see that Since z j → 0 and ρ → 0, we have z j + ρ j ζ j ∈ D(ζ 0 , δ) and z j + ρ j ζ * j ∈ D(ζ * 0 , δ) for sufficiently large j, so D(f j (z)) − α(0) has two distinct zeros, which contradicts the fact that D(f j (z)) − α(z 0 ) has at most one zero. But Lemma 2.3, Lemma 2.4 and Lemma 2.5 confirms the non existence of such non-constant meromorphic function. This contradiction shows that F is normal in ∆ and this proves the theorem.
Remark 6.1. For a family of non-polynomial meromorphic functions, the condition, zeros are of multiplicity ≥ 3 can be weakened by multiplicity ≥ 2 in theorem 1.3, theorem 1.4, theorem 1.5 and theorem 1.6.
